We study the set of numerical semigroups containing a given numerical semigroup. As an application we prove characterizations of irreducible numerical semigroups that unify some of the existing characterizations for symmetric and pseudo-symmetric numerical semigroups. Finally we describe an algorithm for computing a minimal decomposition of a numerical semigroup in terms of irreducible numerical semigroups.
Introduction
Let N be the set of nonnegative integers. A subset M of N is a submonoid of N if it is closed under addition and 0 ∈ H . Given A ⊆ N , define
n i a i : k ∈ N, a 1 , . . . , a k ∈ A, n 1 , . . . , n k ∈ N .
Clearly A is a submonoid of N , which is known as the submonoid of N generated by A . For a submonoid M of N , we say that A ⊆ M is a system of generators of M if M = A . If no proper subset of such A generates M , then A is a minimal system of generators of M .
A numerical semigroup S is a submonoid of N that generates Z as a group (Z denotes the set of integers). From this definition the following results can be easily deduced (see for instance [2] or [6] ).
• The set N\S is finite. The largest integer not belonging to S is known as the Frobenius number of S and it is denoted by g(S).
• The numerical semigroup S has a minimal system of generators {n 1 < · · · < n p } = (S\{0})\((S\{0}) + (S\{0})) . The integer n 1 , known as the multiplicity of S and denoted by m(S) , is the least positive integer in S , and p is the embedding dimension of S , denoted by e(S).
A numerical semigroup is irreducible if it cannot be expressed as an intersection of two numerical semigroups containing it properly. In [11] it is shown that using the results appearing in [2] , [3] , one can prove that the class of irreducible numerical semigroups with odd (even) Frobenius number coincides with the class of symmetric (pseudo-symmetric) numerical semigroups. Kunz shows in [4] that a numerical semigroup is symmetric if and only if its associated semigroup ring k[ [S] ] is Gorenstein, and in [2] it is demonstrated that the same correspondence holds for pseudo-symmetric numerical semigroups and Kunz rings.
Every numerical semigroup can be expressed as an intersection of finitely many irreducible numerical semigroups. The study of such a decomposition has been recently treated in [9] , [8] , [10] , [11] . A natural question concerns finding a decomposition with the least number of irreducibles involved. In this paper we give an algorithmic method to construct a minimal decomposition of any numerical semigroup as an intersection of irreducible numerical semigroups. The achievement of this procedure led us to the study of the set of all numerical semigroups containing a fixed numerical semigroup; thus the title of the paper.
The contents of this work are organized as follows. In Section 1 we introduce the concept of variety of numerical semigroups as a family of numerical semigroups closed under extensions and finite intersections. Theorem 4 gives several characterizations of this concept, and we show that a variety is the set of all numerical semigroups containing a given submonoid of N . Along this line, Corollary 5 provides a one-to-one correspondence between varieties and submonoids of N . This correspondence maps finite varieties to numerical semigroups; whence a finite variety is just the set of all numerical semigroups containing a fixed numerical semigroup. Section 2 is devoted to the study of finitely generated varieties. Proposition 8 states that the concepts of finitely generated variety, cyclic variety and finite variety are all the same. In Section 3 for a given numerical semigroup S we define the set EH(S) as the set of positive integers x not belonging to S such that S ∪ {x} is a numerical semigroup. The properties related to this set allows us to construct algorithmically the (finite) variety of all numerical semigroups containing S . Section 4 focuses on the study of the set EH(S) , and there we show that S is a maximal numerical semigroup with respect to the constraint S ∩ EH(S) = ∅ . We also prove that if A ⊆ N and S is maximal not cutting A , then EH(S) ⊆ A . Thus EH(S) is the least subset of N\S that determines S up to maximality. Finally in Section 5 we use all these results to give an algorithm for computing the minimal decomposition in irreducibles of a given numerical semigroup (minimal with respect to the number of irreducibles used in the decomposition).
Varieties of numerical semigroups
A nonempty family V of numerical semigroups is a variety if the following holds:
Given a family of numerical semigroups F , denote by
(if F is empty, just set P(F) = N ). Observe that P(F) is a submonoid of N , which in general does not have to be a numerical semigroup. However, if F has finitely many elements, then P(F) is a numerical semigroup (since the intersection is clearly a monoid, and its complement in N is still finite; note that the Frobenius number of the resulting semigroup is the maximum of the Frobenius numbers of the semigroups involved in the intersection).
It is easy to check (see [5] ) that if S is a numerical semigroup, S = N , then S ∪ {g(S)} is again a numerical semigroup. Thus we obtain the following straightforward result.
Lemma 1.
Let V be a variety.
For a numerical semigroup S , we can recurrently define S n as follows:
If k = #(N\S) (#A stands for cardinality of A ), then it is clear that
Given F a family of numerical semigroups, define
Lemma 2.
Let F be a family of numerical semigroups such that for every S ∈ F , S = N , we have that S ∪ {g(S)} ∈ F . Then P(F) = N\g(F).
Proof.
Let x ∈ P(F) . Then x ∈ S for all S ∈ F , whence x = g(S) for all S ∈ F . It follows that x ∈ N\g(F) . Assume that there exists x ∈ N\g(F) such that x ∈ P(F) . Then there is S ∈ F with x ∈ S . Using the sequence S 0 · · · S k given above, there exists n such that g(S n ) = x. By hypothesis S n ∈ F , whence x ∈ g(F) , a contradiction.
Lemma 3.
Let V be a variety and let S be a numerical semigroup such that S ∪ {g(S)} ∈ V and g(S) ∈ g(V). Then S ∈ V .
Proof.
As g(S) ∈ g(V) , there exists S ∈ V with g(S ) = g(S) . Since
Denote by S the set of all numerical semigroups.
Theorem 4.
Let F be a nonempty family of numerical semigroups. The following statements are equivalent.
(1) F is a variety.
(2) F fulfills the following conditions:
(3) F fulfills the following conditions: 
Proof.
(1) implies (2) follows from Lemmas 1 and 3. (2) implies (3) is a consequence of the sequence S = S 0 · · · S k = N given just before Lemma 2 and of Lemma 2 itself.
For proving (3) implies (4), it suffices to show that if S ∈ S and P(F) ⊆ S , then S ∈ F . We use induction on #(N\S) . If #(N\S) = 0 , then S = N ∈ F . Assume by induction hypothesis that if S ∈ S is such that P(F) ⊆ S and #(N\S ) = n , then S ∈ F . Take now S ∈ S with #(N\S) = n + 1 and P(F) ⊆ S , and letS = S ∪ {g(S)} . Using the induction hypothesis (#(N\S) = n and P(F) ⊆S ), we have thatS is in F . Since g(S) ∈ S and P(F) ⊆ S , we have that g(S) ∈ P(F) , whence S ∈ F .
(4) implies (5) is trivial. For (5) implies (6), just note that for any subset A of N , one gets that
Since every submonoid of N is finitely generated, we deduce that there exists 
The map is into due to (4) in Theorem 4. Let M be a submonoid of N and let V = {S ∈ S: M ⊆ S} , which by (5) in Theorem 4 is a variety. If we prove that P(V) = M , then we have that P is onto. Clearly M ⊆ P(V). Now take x ∈ N\M . Then x does not belong to the numerical semigroup S = M ∪ {x + 1, →} (the symbol → is used here to indicate that all subsequent elements are in the set). Since S ∈ V and x ∈ S , we have that x ∈ P(V) . This
If V is finite, then P(V) is a numerical semigroup, since the intersection of finitely many numerical semigroups is again a numerical semigroup. For the converse, assume that P(V) is a numerical semigroup. Then N\P(V) has finitely many elements and thus V = {S ∈ S: P(V) ⊆ S} can only have finitely many elements.
Finitely generated varieties
In view of Theorem 4, V(A) is a variety. If we are given {A i } i∈I a family of subsets of N , then
Thus we have the following result.
Lemma 6. The intersection of varieties is a variety.
This result allows us to introduce the concept of variety generated by a family of numerical semigroups. Let F ⊆ S . We denote by F the intersection of all varieties containing F . By Lemma 6, F is a variety, and it is the smallest (with respect to set inclusion) variety containing F . We say that F is a system of generators of F . A variety V is finitely generated if it has a finite system of generators. As a consequence of Theorem 4 we obtain the following.
Lemma 7.
Let F be a family of numerical semigroups. Then
We say that a variety V is cyclic if there exists a numerical semigroup S such that V = {S} .
Proposition 8.
Let V a variety. The following conditions are equivalent.
(1) V is cyclic.
(2) V is finitely generated.
Proof.
(1) implies (2) is trivial. If F is a finite system of generators of V , then P(F) is a numerical semigroup, as each is the minimal element of V . In view of Theorem 4 and Lemma 7, we have that P(V) = P(F) . Corollary 5 states that V is finite. This proves (2) implies (3). Now assume that V is finite. Then P(V) is a numerical semigroup. Lemma 7 together with Theorem 4 ensure that V = {P(V)} .
Unitary extensions of a numerical semigroup
Given a numerical semigroup S , denote by
Using this definition, it is straightforward to prove the next proposition, which describes those elements that added to a numerical semigroup yield a numerical semigroup.
Proposition 9.
Let S be a numerical semigroup and let x ∈ H(S). The following properties are equivalent:
Every numerical semigroup containing properly the numerical semigroup S must contain an element of EH(S) as the following straightforward result shows.
Lemma 10.
Let S andS be two numerical semigroups such that S S . Then S ∪ {max(S\S)} is a numerical semigroup.
For two numerical semigroups S S , if we replace N in the sequence S 0 = S S 1 = S 0 ∪ {g(S)} · · · N described in Section 1 withS , then we have to replace g(S i ) with max(S\S i ) , obtaining the sequence
And if #(S\S) = k , then
In view of Lemma 10, S i is a numerical semigroup for all i. With this remark one can actually compute all numerical semigroups containing a numerical semigroup S , that is, the finite variety V(S) . The idea is to proceed as follows: once you have an element S of V(S) (you start with S = S ), we get that S ∪ {x 1 }, . . . , S ∪ {x r } ∈ V(S) , with {x 1 , . . . , x r } = EH(S ) ; then do the same with each of the S ∪ {x i } .
Example 11.
Let S = 5, 7, 9, 11 . For this semigroup, EH(S) = {13} and thus for obtaining a semigroup adding only an element, we only can adjoin its Frobenius number ( 13 in this case). So we get the semigroup S ∪ {13} . This semigroup is equal to 5, 7, 9, 11, 13 and EH(S ∪ {13}) = {6, 8} . So, from this one we obtain two new semigroups which are S ∪ {13, 6} and S ∪ {13, 8} . Performing this process as many times as necessary we get all the elements of V(S) . The variety V(S) is described in the following graph.
The set EH(S)
As a consequence of Lemma 10, if S is a numerical semigroup, then we have that S is maximal in the set of all numerical semigroups not meeting EH(S). Moreover, EH(S) is the smallest set that determines S up to maximality as the following result shows.
Proposition 12.
Let S be a numerical semigroup and let {g 1 
, . . . , g t } ⊆ H(S). The following conditions are equivalent.
(1) S is maximal (with respect to set inclusion) in the set of all numerical semigroups S such that S ∩ {g 1 , . . . , g t } is empty.
(2) EH(S) ⊆ {g 1 , . . . , g t } .
Proof. Let x ∈ EH(S) . By Proposition 9, S ∪ {x} is a numerical semigroup containing S properly. Thus if (1) holds, then (S
(2) implies (1) follows easily from Proposition 9 and Lemma 10.
A numerical semigroup is irreducible if it cannot be expressed as an intersection of two numerical semigroups containing it properly. In [11] it is shown that S is irreducible if and only if S is maximal in the set of numerical semigroups not containing g(S) . Therefore we get the following consequence.
Corollary 13.
A numerical semigroup S is irreducible if and only if #EH(S) = 1.
The set EH(S) is a subset of T(S) = {x ∈ H(S): x + s ∈ S for all s ∈ S\{0}} . The cardinality of this set is usually denoted by t(S) , and it is known as the type of S . Denote by Ap(S, m(S)) = {s ∈ S: s − m(S) ∈ S},
the Apéry set of S with respect to m(S) (see [1] ). It is well known (see for instance [5] 
) that Ap(S, m(S)) = {0 = w(0), w(1), . . . , w(m(S) − 1)} , where w(i) is the least element in S congruent with i modulo m(S) . Moreover if {w(i 1 ), . . . , w(i t )} = Maximals ≤ S (Ap(S, m(S))) , where a ≤ S b if b − a ∈ S , then T(S) = {w(i 1 ) − m(S), . . . , w(i t ) − m(S)} . This in particular implies that #EH(S) ≤ t(S) ≤ m(S) − 1.
A numerical semigroup S is of maximal embedding dimension if e(S) = m(S). We prove next that if the bound given in the above inequality is reached for a numerical semigroup S , then S must be of maximal embedding dimension.
Proposition 14.
Let S be a numerical semigroup with m = m(S) and #EH(S) = m − 1 . Then S is a maximal embedding dimension numerical semigroup.
Proof.
We already know that Ap(S, m) = {0, w (1) 
Example 15.
The semigroup S = 5, 11, 12, 13, 14 is a maximal embedding dimension numerical semigroup with EH(S) = {6, 7, 8, 9} . Hence #EH(S) = 4 = m(S) − 1.
The converse of Proposition 14 is not true. The maximal embedding dimension numerical semigroup S = 5, 6, 7, 8, 9 has EH(S) = {3, 4} and thus #EH(S) = 2 < 5 − 1.
Lemma 16.
Let S be a numerical semigroup and let {g 1 , . . . , g t } ⊆ H(S). The following conditions are equivalent.
(1) S is maximal in the set of numerical semigroups S such that S ∩ {g 1 , . . . , g t } is empty.
Proof. (1) implies (2). Let x ∈ H(S) . Since S S, x , we have that
(2) implies (1). Let S be a numerical semigroup such that S S . Take x ∈ S \S . Then S S, x ⊆ S and by hypothesis there exist i and k such that g i − kx ∈ S , whence g i ∈ S, x , which leads to g i ∈ S .
In [3] the following construction is proposed to find a symmetric numerical semigroup containing a given one. Recall that a numerical semigroup S is symmetric if for every x ∈ Z\S , g − x ∈ S . Let S be a numerical semigroup with g(S) odd. If S is not symmetric, then there exists x ∈ H(S) such that g − x ∈ H(S) . Let h be maximum fulfilling this condition. Then S ∪ {h} turns out to be a numerical semigroup containing S . We perform the same procedure on S ∪ {h} and in a finite number of steps we will find S symmetric with S ⊆ S . The following result can be viewed as a generalization of this characterization and construction.
Proposition 17.
Let S be a numerical semigroup and {g 1 , . . ∪ {h}) ∩ {g 1 , . . . , g t } = ∅ ).
. , g t } ⊆ H(S). If there exists
h = max{x ∈ H(S): 2x ∈ S, g i − x ∈ S for all i ∈ {1, . . . , t}},
then S ∪ {h} is a numerical semigroup (and (S

Proof.
Clearly 2h ∈ S . If for some s ∈ S\{0} we have that h + s ∈ S , since 2(h + s) ∈ S and h < h + s, we get that g i − (h + s) ∈ S for some i. But this yields g i − h ∈ S , in contradiction with the definition of h .
Corollary 18.
Let S be a numerical semigroup and {g 1 , . . . , g t } ⊆ H(S). The following conditions are equivalent.
(1) S is maximal in the set of all numerical semigroups S with S ∩ {g 1 , . . . ,
(2) For every x ∈ N , if x ∈ H(S) and 2x ∈ S , then g i − x ∈ S for some i ∈ {1, . . . , t} .
Proof.
(1) implies (2) follows from Proposition 17. For the converse, in view of Lemma 16, it suffices to show that for every x ∈ H(S) , there exists appropriate i and k such that g i −kx ∈ S . Let x ∈ H(S) and set k = max{n ∈ N\{0}: nx ∈ S} . Clearly kx ∈ H(S) and 2kx ∈ S . By hypothesis g i − kx ∈ S for some i ∈ {1, . . . , t} .
As a consequence of these two results, we obtain a characterization of irreducible numerical semigroups that gathers the characterizations known for symmetric and pseudo-symmetric numerical semigroups (see [2] for the definition of pseudo-symmetric numerical semigroup).
Corollary 19.
Let S be a numerical semigroup. Then S is irreducible if and only if for all x ∈ N , x ∈ H(S) and 2x ∈ S implies g(S) − x ∈ S .
Proof.
As we pointed in the Introduction, S is an irreducible numerical semigroup if and only if S is maximal with the constrain g = g(S) ∈ S (in [2] , [3] it is shown that a numerical semigroup S is symmetric (respectively pseudosymmetric) if and only if g(S) is odd (respectively even) and it is maximal in the set of numerical semigroups not containing its Frobenius number; in [11] it is shown that a numerical semigroup is irreducible if and only if it is maximal in the set of numerical semigroups not containing its Frobenius numbers). Using Corollary 18 the proof follows easily.
Compare this characterization with the characterizations given in [2] , [3] for symmetric and pseudo-symmetric numerical semigroups. Corollary 19 covers both classes of numerical semigroups. If we want to check whether or not a numerical semigroup S is symmetric (respectively pseudo-symmetric), we can use Corollary 19 imposing that g(S) is odd (respectively even).
Let
Proposition 17 can be used to find a maximal element in S(g 1 , . . . , g t ).
We only have to take as starting point S = {0, max{g 1 , . . . , g t } + 1, →} and define recursively
if h(S n ) does not exist, then S n is the desired semigroup (Corollary 18, gives this stop condition).
Example 20.
We compute an element in Maximals ⊆ (S (5, 6) ) .
is not well defined and thus S 1 ∈ Maximals ⊆ (S (5, 6) ).
Remark 21.
In [7] it is shown that S(g 1 , . . . , g t ) has a maximum (with respect to set inclusion) if and only if N\D(g 1 , . . . g t ) is a numerical semigroup (actually this is the maximum), where D(g 1 , . . . , g t ) is the set of positive integers dividing g i for some i ∈ {1, . . . , t} . In the above example, N\D(5, 6) = S 1 = max ⊆ (S(5, 6)) . In general there are several maximal numerical semigroups in  S(g 1 , . . . , g t ).
Note also that the above construction ensures that for any finite subset X of N , we obtain that S(X) = ∅ and therefore Maximals ⊆ (S(X)) = ∅ .
The decomposition into irreducibles of a numerical semigroup
In this section we use the tools described so far to compute a minimal decomposition of a numerical semigroup in terms of irreducibles. If S is a numerical semigroup, we already know how to calculate the finite variety V(S) with the procedure explained after Lemma 10. Denote by
I(S) = {S ∈ V(S): S is irreducible}.
Every numerical semigroup can be expressed as an intersection of irreducible numerical semigroups. Then clearly S = S ∈I(S)S . And in this intersection we can remove those numerical semigroups that are not minimal with respect to set inclusion. Thus we obtain the following result.
Proposition 22.
Let S be a numerical semigroup and let I(S) be defined as above. Assume that Minimals ⊆ (I(S)) = {S 1 , . . . , S n } . Then
This decomposition does not have to be minimal (in the sense of minimal number of irreducibles involved) as the following example shows.
Example 23.
Let S be the semigroup generated by 5, 6, 8 . Using Proposition 9 and Corollary 13, we compute now the set Minimals(I(S)) . Since EH(S) = {7, 9} , by Proposition 9, S ∪ {7} and S ∪ {9} are numerical semigroups. In this case we have that since EH(S ∪{7}) = {9} , S ∪{7} is irreducible (Corollary 13), which implies that it belongs to Minimals ⊆ (I(S)) . The semigroup S ∪ {9} is not irreducible (the set EH(S ∪ {9}) is equal to {3, 4, 7} ). By Proposition 9 the sets S ∪ {9, 3} , S ∪ {9, 7} and S ∪ {9, 4} are also numerical semigroups. It is easy to check that S∪{9, 3} and S∪{9, 4} are irreducible semigroups and that S ∪ {9, 7} contains the semigroup S ∪ {7} (the first irreducible we found). Hence the set
However, if we are looking for the least n such that S = S 1 ∩ · · · ∩ S n , with S 1 , . . . , S n ∈ I(S) , then it suffices to search among the decompositions with elements in Minimals ⊆ (I(S)) .
Proposition 24.
Let S be a numerical semigroup.
Proof.
For every i ∈ {1, . . . , n} , if S i does not belong to Minimals ⊆ (I(S)) , then take S i ∈ Minimals ⊆ (I(S)) such that S i ⊆ S i .
The next proposition sheds some light on which semigroups are required in a decomposition.
Proposition 25.
Let S be a numerical semigroup and let S 1 , . . . , S n ∈ V(S). The following conditions are equivalent.
(1) S = S 1 ∩ · · · ∩ S n .
(2) For all h ∈ EH(S), there exists i ∈ {1, . . . , n} such that h ∈ S i .
Proof.
(1) implies (2) . If h ∈ EH(S) , then h ∈ S and thus h ∈ S i for some i ∈ {1, . . . , n} .
(2) implies (1). If S S 1 ∩· · ·∩S n , then by Proposition 9 and Lemma 10 h = max((S 1 ∩ · · · ∩ S n )\S) is in EH(S) , and in all the S i , in a contradiction with the hypothesis.
We can compute Minimals ⊆ (I(S)) = {S 1 , . . . , S n } . For every i ∈ {1, . . . , n} , set C(S i ) = {h ∈ EH(S): h ∈ S i }.
By Proposition 25 we know that
S = S i1 ∩ · · · ∩ S ir if and only if C(S i1 ) ∪ · · · ∪ C(S ir ) = EH(S).
From the above results we can obtain a method for computing a decomposition of S as an intersection of irreducible semigroups using the least possible number of them.
Algorithm 26.
Let S be a non-irreducible semigroup.
(1) Compute the set EH(S).
(2) Set I = ∅ and C = {S} .
(3) For all S ∈ C , compute (using Proposition 9) all the semigroupsS such that #(S\S ) = 1. Remove S from C . Let B be the set formed by the semigroups constructed in this way. Next we illustrate this method with an example.
Example 27.
We take again the semigroup S = 5, 6, 8 . We have that EH(S) = {7, 9}. Performing the steps of the above algorithm we get (in the Steps 6 and 7) that I = { 5, 6, 7, 8 } and C = { 5, 6, 8, 9 }}. Since C = ∅ , we go back to Step 3 obtaining that I = { 5, 6, 7, 8 , 3, 5 , 4, 5, 6 } and C = ∅ .
Step 8 yields 
